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4
THE STRANDS OF

MATHEMATICAL PROFICIENCY

During the twentieth century, the meaning of successful mathematics
learning underwent several shifts in response to changes in both society and
schooling.  For roughly the first half of the century, success in learning the
mathematics of pre-kindergarten to eighth grade usually meant facility in
using the computational procedures of arithmetic, with many educators em-
phasizing the need for skilled performance and others emphasizing the need
for students to learn procedures with understanding.1   In the 1950s and 1960s,
the new math movement defined successful mathematics learning primarily
in terms of understanding the structure of mathematics together with its unify-
ing ideas, and not just as computational skill.  This emphasis was followed by
a “back to basics” movement that proposed returning to the view that suc-
cess in mathematics meant being able to compute accurately and quickly.
The reform movement of the 1980s and 1990s pushed the emphasis toward
what was called the development of “mathematical power,” which involved
reasoning, solving problems, connecting mathematical ideas, and communi-
cating mathematics to others.  Reactions to reform proposals stressed such
features of mathematics learning as the importance of memorization, of facil-
ity in computation, and of being able to prove mathematical assertions.  These
various emphases have reflected different goals for school mathematics held
by different groups of people at different times.

Our analyses of the mathematics to be learned, our reading of the research
in cognitive psychology and mathematics education, our experience as learners
and teachers of mathematics, and our judgment as to the mathematical knowl-
edge, understanding, and skill people need today have led us to adopt a

Copyright © National Academy of Sciences. All rights reserved.

Adding It Up:  Helping Children Learn Mathematics
http://www.nap.edu/catalog/9822.html

http://www.nap.edu/catalog/9822.html


116 ADDING IT UP

composite, comprehensive view of successful mathematics learning.  This
view, admittedly, represents no more than a single committee’s consensus.
Yet our various backgrounds have led us to formulate, in a way that we hope
others can and will accept, the goals toward which mathematics learning should
be aimed.  In this chapter, we describe the kinds of cognitive changes that we
want to promote in children so that they can be successful in learning math-
ematics.

Recognizing that no term captures completely all aspects of expertise,
competence, knowledge, and facility in mathematics, we have chosen math-
ematical proficiency to capture what we believe is necessary for anyone to learn
mathematics successfully.  Mathematical proficiency, as we see it, has five
components, or strands:

• conceptual understanding—comprehension of mathematical concepts,
operations, and relations

• procedural fluency—skill in carrying out procedures flexibly, accurately,
efficiently, and appropriately

• strategic competence—ability to formulate, represent, and solve math-
ematical problems

• adaptive reasoning—capacity for logical thought, reflection, explana-
tion, and justification

• productive disposition—habitual inclination to see mathematics as
sensible, useful, and worthwhile, coupled with a belief in diligence and one’s
own efficacy.

These strands are not independent; they represent different aspects of a
complex whole.  Each is discussed in more detail below.  The most important
observation we make here, one stressed throughout this report, is that the
five strands are interwoven and interdependent in the development of profi-
ciency in mathematics (see Box 4-1).  Mathematical proficiency is not a one-
dimensional trait, and it cannot be achieved by focusing on just one or two of
these strands.  In later chapters, we argue that helping children acquire math-
ematical proficiency calls for instructional programs that address all its strands.
As they go from pre-kindergarten to eighth grade, all students should become
increasingly proficient in mathematics.  That proficiency should enable them
to cope with the mathematical challenges of daily life and enable them to
continue their study of mathematics in high school and beyond.

The five strands provide a framework for discussing the knowledge, skills,
abilities, and beliefs that constitute mathematical proficiency.  This frame-
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1174 THE STRANDS OF MATHEMATICAL PROFICIENCY

Box 4-1

Intertwined Strands of Proficiency

Conceptual 
Understanding

Strategic
Competence

Productive
Disposition

Procedural
Fluency

Adaptive
Reasoning

work has some similarities with the one used in recent mathematics assess-
ments by the National Assessment of Educational Progress (NAEP), which
features three mathematical abilities (conceptual understanding, procedural
knowledge, and problem solving) and includes additional specifications for
reasoning, connections, and communication.2   The strands also echo compo-
nents of mathematics learning that have been identified in materials for
teachers.  At the same time, research and theory in cognitive science provide
general support for the ideas contributing to these five strands.  Fundamen-
tal in that work has been the central role of mental representations.  How
learners represent and connect pieces of knowledge is a key factor in whether
they will understand it deeply and can use it in problem solving.  Cognitive
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118 ADDING IT UP

scientists have concluded that competence in an area of inquiry depends upon
knowledge that is not merely stored but represented mentally and organized
(connected and structured) in ways that facilitate appropriate retrieval and
application.  Thus, learning with understanding is more powerful than sim-
ply memorizing because the organization improves retention, promotes flu-
ency, and facilitates learning related material.  The central notion that strands
of competence must be interwoven to be useful reflects the finding that hav-
ing a deep understanding requires that learners connect pieces of knowledge,
and that connection in turn is a key factor in whether they can use what they
know productively in solving problems.  Furthermore, cognitive science stud-
ies of problem solving have documented the importance of adaptive exper-
tise and of what is called metacognition: knowledge about one’s own thinking
and ability to monitor one’s own understanding and problem-solving activity.
These ideas contribute to what we call strategic competence and adaptive
reasoning.  Finally, learning is also influenced by motivation, a component of
productive disposition.3

Although there is not a perfect fit between the strands of mathematical
proficiency and the kinds of knowledge and processes identified by cogni-
tive scientists, mathematics educators, and others investigating learning, we
see the strands as reflecting a firm, sizable body of scholarly literature both in
and outside mathematics education.

Conceptual Understanding

Conceptual understanding refers to an integrated and functional grasp of
mathematical ideas.  Students with conceptual understanding know more
than isolated facts and methods.  They understand why a mathematical idea
is important and the kinds of contexts in which is it useful.  They have orga-
nized their knowledge into a coherent whole, which enables them to learn
new ideas by connecting those ideas to what they already know.4   Concep-
tual understanding also supports retention.  Because facts and methods learned
with understanding are connected, they are easier to remember and use, and
they can be reconstructed when forgotten.5   If students understand a method,
they are unlikely to remember it incorrectly.  They monitor what they re-
member and try to figure out whether it makes sense.  They may attempt to
explain the method to themselves and correct it if necessary.  Although teachers
often look for evidence of conceptual understanding in students’ ability to
verbalize connections among concepts and representations, conceptual un-
derstanding need not be explicit.  Students often understand before they can
verbalize that understanding.6
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1194 THE STRANDS OF MATHEMATICAL PROFICIENCY

A significant indicator of conceptual understanding is being able to rep-
resent mathematical situations in different ways and knowing how different
representations can be useful for different purposes.  To find one’s way around
the mathematical terrain, it is important to see how the various representa-
tions connect with each other, how they are similar, and how they are differ-
ent.  The degree of students’ conceptual understanding is related to the rich-
ness and extent of the connections they have made.

For example, suppose students are adding fractional quantities of differ-

ent sizes, say 1
3

 + 2
5

.  They might draw a picture or use concrete materials of

various kinds to show the addition.  They might also represent the number

sentence 1
3

 + 2
5

 = ? as a story.  They might turn to the number line, represent-

ing each fraction by a segment and adding the fractions by joining the seg-
ments.  By renaming the fractions so that they have the same denominator,
the students might arrive at a common measure for the fractions, determine
the sum, and see its magnitude on the number line.  By operating on these
different representations, students are likely to use different solution meth-
ods.  This variation allows students to discuss the similarities and differences
of the representations, the advantages of each, and how they must be con-
nected if they are to yield the same answer.

Connections are most useful when they link related concepts and meth-
ods in appropriate ways.  Mnemonic techniques learned by rote may provide
connections among ideas that make it easier to perform mathematical opera-
tions, but they also may not lead to understanding.7   These are not the kinds
of connections that best promote the acquisition of mathematical proficiency.

Knowledge that has been learned with understanding provides the basis
for generating new knowledge and for solving new and unfamiliar problems.8

When students have acquired conceptual understanding in an area of math-
ematics, they see the connections among concepts and procedures and can
give arguments to explain why some facts are consequences of others.  They
gain confidence, which then provides a base from which they can move to
another level of understanding.

With respect to the learning of number, when students thoroughly un-
derstand concepts and procedures such as place value and operations with
single-digit numbers, they can extend these concepts and procedures to new
areas.  For example, students who understand place value and other multidigit
number concepts are more likely than students without such understanding
to invent their own procedures for multicolumn addition and to adopt correct
procedures for multicolumn subtraction that others have presented to them.9
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120 ADDING IT UP

Thus, learning how to add and subtract multidigit numbers does not have to
involve entirely new and unrelated ideas.  The same observation can be made
for multiplication and division.

Conceptual understanding helps students avoid many critical errors in
solving problems, particularly errors of magnitude.  For example, if they are
multiplying 9.83 and 7.65 and get 7519.95 for the answer, they can immedi-
ately decide that it cannot be right.  They know that 10 × 8 is only 80, so
multiplying two numbers less than 10 and 8 must give a product less than 80.
They might then suspect that the decimal point is incorrectly placed and
check that possibility.

Conceptual understanding frequently results in students having less to
learn because they can see the deeper similarities between superficially
unrelated situations.  Their understanding has been encapsulated into com-
pact clusters of interrelated facts and principles.  The contents of a given
cluster may be summarized by a short sentence or phrase like “properties of
multiplication,” which is sufficient for use in many situations.  If necessary,
however, the cluster can be unpacked if the student needs to explain a
principle, wants to reflect on a concept, or is learning new ideas.  Often, the
structure of students’ understanding is hierarchical, with simpler clusters of
ideas packed into larger, more complex ones.  A good example of a knowl-
edge cluster for mathematically proficient older students is the number line.
In one easily visualized picture, the student can grasp relations between all
the number systems described in chapter 3, along with geometric interpreta-
tions for the operations of arithmetic.  It connects arithmetic to geometry and
later in schooling serves as a link to more advanced mathematics.

As an example of how a knowledge cluster can make learning easier,
consider the cluster students might develop for adding whole numbers.  If
students understand that addition is commutative (e.g., 3 + 5 = 5 + 3), their
learning of basic addition combinations is reduced by almost half.  By
exploiting their knowledge of other relationships such as that between the
doubles (e.g., 5 + 5 and 6 + 6) and other sums, they can reduce still further the
number of addition combinations they need to learn.  Because young chil-
dren tend to learn the doubles fairly early, they can use them to produce
closely related sums.10   For example, they may see that 6 + 7 is just one more
than 6 + 6.  These relations make it easier for students to learn the new addi-
tion combinations because they are generating new knowledge rather than
relying on rote memorization.  Conceptual understanding, therefore, is a wise
investment that pays off for students in many ways.
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1214 THE STRANDS OF MATHEMATICAL PROFICIENCY

Procedural Fluency

Procedural fluency refers to knowledge of procedures, knowledge of when
and how to use them appropriately, and skill in performing them flexibly,
accurately, and efficiently.  In the domain of number, procedural fluency is
especially needed to support conceptual understanding of place value and
the meanings of rational numbers.  It also supports the analysis of similarities
and differences between methods of calculating.  These methods include, in
addition to written procedures, mental methods for finding certain sums, dif-
ferences, products, or quotients, as well as methods that use calculators, com-
puters, or manipulative materials such as blocks, counters, or beads.

Students need to be efficient and accurate in performing basic computa-
tions with whole numbers (6 + 7, 17 – 9, 8 × 4, and so on) without always
having to refer to tables or other aids.  They also need to know reasonably
efficient and accurate ways to add, subtract, multiply, and divide multidigit
numbers, both mentally and with pencil and paper.  A good conceptual under-
standing of place value in the base-10 system supports the development of
fluency in multidigit computation.11   Such understanding also supports sim-
plified but accurate mental arithmetic and more flexible ways of dealing with
numbers than many students ultimately achieve.

Connected with procedural fluency is knowledge of ways to estimate the
result of a procedure.  It is not as critical as it once was, for example, that
students develop speed or efficiency in calculating with large numbers by
hand, and there appears to be little value in drilling students to achieve such
a goal.  But many tasks involving mathematics in everyday life require facility
with algorithms for performing computations either mentally or in writing.

In addition to providing tools for computing, some algorithms are impor-
tant as concepts in their own right, which again illustrates the link between
conceptual understanding and procedural fluency.  Students need to see that
procedures can be developed that will solve entire classes of problems, not
just individual problems.  By studying algorithms as “general procedures,”
students can gain insight into the fact that mathematics is well structured
(highly organized, filled with patterns, predictable) and that a carefully devel-
oped procedure can be a powerful tool for completing routine tasks.

It is important for computational procedures to be efficient, to be used
accurately, and to result in correct answers.  Both accuracy and efficiency can
be improved with practice, which can also help students maintain fluency.
Students also need to be able to apply procedures flexibly.  Not all computa-
tional situations are alike.  For example, applying a standard pencil-and-paper
algorithm to find the result of every multiplication problem is neither neces-
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122 ADDING IT UP

sary nor efficient.  Students should be able to use a variety of mental strate-
gies to multiply by 10, 20, or 300 (or any power of 10 or multiple of 10).  Also,
students should be able to perform such operations as finding the sum of 199
and 67 or the product of 4 and 26 by using quick mental strategies rather than
relying on paper and pencil.  Further, situations vary in their need for exact
answers.  Sometimes an estimate is good enough, as in calculating a tip on a
bill at a restaurant.  Sometimes using a calculator or computer is more appro-
priate than using paper and pencil, as in completing a complicated tax form.
Hence, students need facility with a variety of computational tools, and they
need to know how to select the appropriate tool for a given situation.

Procedural fluency and conceptual understanding are often seen as com-
peting for attention in school mathematics.  But pitting skill against under-
standing creates a false dichotomy.12   As we noted earlier, the two are inter-
woven.  Understanding makes learning skills easier, less susceptible to
common errors, and less prone to forgetting.  By the same token, a certain
level of skill is required to learn many mathematical concepts with under-
standing, and using procedures can help strengthen and develop that under-
standing.  For example, it is difficult for students to understand multidigit
calculations if they have not attained some reasonable level of skill in single-
digit calculations.  On the other hand, once students have learned procedures
without understanding, it can be difficult to get them to engage in activities
to help them understand the reasons underlying the procedure.13   In an experi-
mental study, fifth-grade students who first received instruction on proce-
dures for calculating area and perimeter followed by instruction on under-
standing those procedures did not perform as well as students who received
instruction focused only on understanding.14

Without sufficient procedural fluency, students have trouble deepening
their understanding of mathematical ideas or solving mathematics problems.
The attention they devote to working out results they should recall or com-
pute easily prevents them from seeing important relationships.  Students need
well-timed practice of the skills they are learning so that they are not handi-
capped in developing the other strands of proficiency.

When students practice procedures they do not understand, there is a
danger they will practice incorrect procedures, thereby making it more diffi-
cult to learn correct ones.  For example, on one standardized test, the grade 2
national norms for two-digit subtraction problems requiring borrowing, such
as 62 – 48 = ?, are 38% correct.  Many children subtract the smaller from the
larger digit in each column to get 26 as the difference between 62 and 48 (see
Box 4-2).  If students learn to subtract with understanding, they rarely make
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1234 THE STRANDS OF MATHEMATICAL PROFICIENCY

this error.15   Further, when students learn a procedure without understand-
ing, they need extensive practice so as not to forget the steps.  If students do
understand, they are less likely to forget critical steps and are more likely to
be able to reconstruct them when they do.  Shifting the emphasis to learning
with understanding, therefore, can in the long run lead to higher levels of
skill than can be attained by practice alone.

If students have been using incorrect procedures for several years, then
instruction emphasizing understanding may be less effective.16   When children
learn a new, correct procedure, they do not always drop the old one.  Rather,
they use either the old procedure or the new one depending on the situation.
Only with time and practice do they stop using incorrect or inefficient
methods.17   Hence initial learning with understanding can make learning more
efficient.

When skills are learned without understanding, they are learned as iso-
lated bits of knowledge.18   Learning new topics then becomes harder since
there is no network of previously learned concepts and skills to link a new
topic to.  This practice leads to a compartmentalization of procedures that
can become quite extreme, so that students believe that even slightly differ-
ent problems require different procedures.  That belief can arise among chil-
dren in the early grades when, for example, they learn one procedure for
subtraction problems without regrouping and another for subtraction prob-
lems with regrouping.  Another consequence when children learn without
understanding is that they separate what happens in school from what happens
outside.19   They have one set of procedures for solving problems outside of
school and another they learned and use in school—without seeing the rela-
tion between the two.  This separation limits children’s ability to apply what
they learn in school to solve real problems.

Also, students who learn procedures without understanding can typically
do no more than apply the learned procedures, whereas students who learn

Box 4-2

A common error in multidigit subtraction

62
48
26

−  
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124 ADDING IT UP

with understanding can modify or adapt procedures to make them easier to
use.  For example, students with limited understanding of addition would
ordinarily need paper and pencil to add 598 and 647.  Students with more
understanding would recognize that 598 is only 2 less than 600, so they might
add 600 and 647 and then subtract 2 from that sum.20

Strategic Competence

Strategic competence refers to the ability to formulate mathematical prob-
lems, represent them, and solve them.  This strand is similar to what has
been called problem solving and problem formulation in the literature of
mathematics education and cognitive science, and mathematical problem
solving, in particular, has been studied extensively.21

Although in school, students are often presented with clearly specified
problems to solve, outside of school they encounter situations in which part
of the difficulty is to figure out exactly what the problem is.  Then they need
to formulate the problem so that they can use mathematics to solve it.  Con-
sequently, they are likely to need experience and practice in problem formu-
lating as well as in problem solving.  They should know a variety of solution
strategies as well as which strategies might be useful for solving a specific
problem.  For example, sixth graders might be asked to pose a problem on
the topic of the school cafeteria.22   Some might ask whether the lunches are
too expensive or what the most and least favorite lunches are.  Others might
ask how many trays are used or how many cartons of milk are sold.  Still
others might ask how the layout of the cafeteria might be improved.

With a formulated problem in hand, the student’s first step in solving it is
to represent it mathematically in some fashion, whether numerically, sym-
bolically, verbally, or graphically.  Fifth graders solving problems about getting
from home to school might describe verbally the route they take or draw a
scale map of the neighborhood.  Representing a problem situation requires,
first, that the student build a mental image of its essential components.  Becom-
ing strategically competent involves an avoidance of “number grabbing”
methods (in which the student selects numbers and prepares to perform arith-
metic operations on them)23  in favor of methods that generate problem models
(in which the student constructs a mental model of the variables and rela-
tions described in the problem).  To represent a problem accurately, students
must first understand the situation, including its key features.  They then
need to generate a mathematical representation of the problem that captures
the core mathematical elements and ignores the irrelevant features.  This
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1254 THE STRANDS OF MATHEMATICAL PROFICIENCY

step may be facilitated by making a drawing, writing an equation, or creating
some other tangible representation. Consider the following two-step problem:

At ARCO, gas sells for $1.13 per gallon.
This is 5 cents less per gallon than gas at Chevron.
How much does 5 gallons of gas cost at Chevron?

In a common superficial method for representing this problem, students fo-
cus on the numbers in the problem and use so-called keywords to cue appro-
priate arithmetic operations.24   For example, the quantities $1.83 and 5 cents
are followed by the keyword less, suggesting that the student should subtract
5 cents from $1.13 to get $1.08.  Then the keywords how much and 5 gallons
suggest that 5 should be multiplied by the result, yielding $5.40.

In contrast, a more proficient approach is to construct a problem model—
that is, a mental model of the situation described in the problem.  A problem
model is not a visual picture per se; rather, it is any form of mental represen-
tation that maintains the structural relations among the variables in the
problem.  One way to understand the first two sentences, for example, might
be for a student to envision a number line and locate each cost per gallon on
it to solve the problem.

In building a problem model, students need to be alert to the quantities
in the problem.  It is particularly important that students represent the quan-
tities mentally, distinguishing what is known from what is to be found.  Analy-
ses of students’ eye fixations reveal that successful solvers of the two-step
problem above are likely to focus on terms such as ARCO, Chevron, and this,
the principal known and unknown quantities in the problem.  Less success-
ful problem solvers tend to focus on specific numbers and keywords such as
$1.13, 5 cents, less, and 5 gallons rather than the relationships among the
quantities.25

Not only do students need to be able to build representations of indi-
vidual situations, but they also need to see that some representations share
common mathematical structures.  Novice problem solvers are inclined to
notice similarities in surface features of problems, such as the characters or
scenarios described in the problem.  More expert problem solvers focus more
on the structural relationships within problems, relationships that provide
the clues for how problems might be solved.26   For example, one problem
might ask students to determine how many different stacks of five blocks can
be made using red and green blocks, and another might ask how many differ-
ent ways hamburgers can be ordered with or without each of the following:
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126 ADDING IT UP

catsup, onions, pickles, lettuce, and tomato.  Novices would see these prob-
lems as unrelated; experts would see both as involving five choices between
two things: red and green, or with and without.27

In becoming proficient problem solvers, students learn how to form mental
representations of problems, detect mathematical relationships, and devise
novel solution methods when needed.  A fundamental characteristic needed
throughout the problem-solving process is flexibility.  Flexibility develops
through the broadening of knowledge required for solving nonroutine prob-
lems rather than just routine problems.

Routine problems are problems that the learner knows how to solve based
on past experience.28   When confronted with a routine problem, the learner
knows a correct solution method and is able to apply it.  Routine problems
require reproductive thinking; the learner needs only to reproduce and apply
a known solution procedure.  For example, finding the product of 567 and 46
is a routine problem for most adults because they know what to do and how
to do it.

In contrast, nonroutine problems are problems for which the learner does
not immediately know a usable solution method.  Nonroutine problems
require productive thinking because the learner needs to invent a way to
understand and solve the problem.  For example, for most adults a nonroutine
problem of the sort often found in newspaper or magazine puzzle columns is
the following:

A cycle shop has a total of 36 bicycles and tricycles in stock.
Collectively there are 80 wheels.
How many bikes and how many tricycles are there?

One solution approach is to reason that all 36 have at least two wheels for a
total of 36 × 2 = 72 wheels.  Since there are 80 wheels in all, the eight addi-
tional wheels (80 – 72) must belong to 8 tricycles.  So there are 36 – 8 = 28
bikes.

A less sophisticated approach would be to “guess and check”: If there
were 20 bikes and 16 tricycles, that would give (20 × 2) + (16 × 3) = 88 wheels,
which is too many.  Reducing the number of tricycles, a guess of 24 bikes and
12 tricycles gives (24 × 2) + (12 × 3) = 84 wheels—still too many.  Another
reduction of the number of tricycles by 4 gives 28 bikes, 8 tricycles, and the
80 wheels needed.

A more sophisticated, algebraic approach would be to let b be the num-
ber of bikes and t the number of tricycles.  Then b + t = 36 and 2b + 3t = 80.
The solution to this system of equations also yields 28 bikes and 8 tricycles.
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1274 THE STRANDS OF MATHEMATICAL PROFICIENCY

A student with strategic competence could not only come up with sev-
eral approaches to a nonroutine problem such as this one but could also choose
flexibly among reasoning, guess-and-check, algebraic, or other methods to
suit the demands presented by the problem and the situation in which it was
posed.

Flexibility of approach is the major cognitive requirement for solving
nonroutine problems.  It can be seen when a method is created or adjusted to
fit the requirements of a novel situation, such as being able to use general
principles about proportions to determine the best buy.  For example, when
the choice is between a 4-ounce can of peanuts for 45 cents and a 10-ounce
can for 90 cents, most people use a ratio strategy: the larger can costs twice as
much as the smaller can but contains more than twice as many ounces, so it is
a better buy.  When the choice is between a 14-ounce jar of sauce for 79 cents
and an 18-ounce jar for 81 cents, most people use a difference strategy: the
larger jar costs just 2 cents more but gets you 4 more ounces, so it is the better
buy.  When the choice is between a 3-ounce bag of sunflower seeds for 30
cents and a 4-ounce bag for 44 cents, the most common strategy is unit-cost:
The smaller bag costs 10 cents per ounce, whereas the larger costs 11 cents
per ounce, so the smaller one is the better buy.

There are mutually supportive relations between strategic competence
and both conceptual understanding and procedural fluency, as the various
approaches to the cycle shop problem illustrate.  The development of strate-
gies for solving nonroutine problems depends on understanding the quanti-
ties involved in the problems and their relationships as well as on fluency in
solving routine problems.  Similarly, developing competence in solving
nonroutine problems provides a context and motivation for learning to solve
routine problems and for understanding concepts such as given, unknown, con-
dition, and solution.

Strategic competence comes into play at every step in developing proce-
dural fluency in computation.  As students learn how to carry out an opera-
tion such as two-digit subtraction (for example, 86 – 59), they typically progress
from conceptually transparent and effortful procedures to compact and more
efficient ones (as discussed in detail in chapter 6).  For example, an initial
procedure for 86 – 59 might be to use bundles of sticks (see Box 4-3).  A
compact procedure involves applying a written numerical algorithm that carries
out the same steps without the bundles of sticks.  Part of developing strategic
competence involves learning to replace by more concise and efficient proce-
dures those cumbersome procedures that might at first have been helpful in
understanding the operation.
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Box 4-3

Subtraction Using Sticks: Modeling 86 – 59 = ?

Begin with 8 bundles of 10 sticks along with 6 individual sticks.  Because you
cannot take away 9 individual sticks, open one bundle, creating 7 bundles of 10
sticks and 16 individual sticks.  Take away 5 of the bundles (corresponding to
subtracting 50), and take away 9 individual sticks (corresponding to subtracting
9).  The number of remaining sticks—2 bundles and 7 individual sticks, or 27—is
the answer.

86 = 80 + 6

86 = (70 + 16)

– (50 + 9)

Remove 9Remove 50

20 + 7

 27 remain  

Break apart a bundle
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Students develop procedural fluency as they use their strategic compe-
tence to choose among effective procedures.  They also learn that solving
challenging mathematics problems depends on the ability to carry out proce-
dures readily and, conversely, that problem-solving experience helps them
acquire new concepts and skills.  Interestingly, very young children use a
variety of strategies to solve problems and will tend to select strategies that
are well suited to particular problems.29   They thereby show the rudiments of
adaptive reasoning, the next strand to be discussed.

Adaptive Reasoning

Adaptive reasoning refers to the capacity to think logically about the rela-
tionships among concepts and situations.  Such reasoning is correct and valid,
stems from careful consideration of alternatives, and includes knowledge of
how to justify the conclusions.  In mathematics, adaptive reasoning is the
glue that holds everything together, the lodestar that guides learning.  One
uses it to navigate through the many facts, procedures, concepts, and solution
methods and to see that they all fit together in some way, that they make
sense.  In mathematics, deductive reasoning is used to settle disputes and
disagreements.  Answers are right because they follow from some agreed-
upon assumptions through series of logical steps.  Students who disagree about
a mathematical answer need not rely on checking with the teacher, collecting
opinions from their classmates, or gathering data from outside the classroom.
In principle, they need only check that their reasoning is valid.

Many conceptions of mathematical reasoning have been confined to for-
mal proof and other forms of deductive reasoning.  Our notion of adaptive
reasoning is much broader, including not only informal explanation and justi-
fication but also intuitive and inductive reasoning based on pattern, analogy,
and metaphor.  As one researcher put it, “The human ability to find analogical
correspondences is a powerful reasoning mechanism.”30   Analogical reason-
ing, metaphors, and mental and physical representations are “tools to think
with,” often serving as sources of hypotheses, sources of problem-solving
operations and techniques, and aids to learning and transfer.31

Some researchers have concluded that children’s reasoning ability is quite
limited until they are about 12 years old.32   Yet when asked to talk about how
they arrived at their solutions to problems, children as young as 4 and 5 dis-
play evidence of encoding and inference and are resistant to counter sugges-
tion.33   With the help of representation-building experiences, children can
demonstrate sophisticated reasoning abilities.  After working in pairs and
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reflecting on their activity, for example, kindergartners can “prove” theorems
about sums of even and odd numbers.34   Through a carefully constructed
sequence of activities about adding and removing marbles from a bag con-
taining many marbles,35  second graders can reason that 5 + (-6) = -1.  In the
context of cutting short bows from a 12-meter package of ribbon and using
physical models to calculate that 12 divided by 1

3
 is 36, fifth graders can rea-

son that 12 divided by 2
3

 cannot be 72 because that would mean getting more
bows from a package when the individual bow is larger, which does not make
sense.36   Research suggests that students are able to display reasoning ability
when three conditions are met: They have a sufficient knowledge base, the
task is understandable and motivating, and the context is familiar and com-
fortable.37

One manifestation of adaptive reasoning is the ability to justify one’s work.
We use justify in the sense of “provide sufficient reason for.”  Proof is a form
of justification, but not all justifications are proofs.  Proofs (both formal and
informal) must be logically complete, but a justification may be more tele-
graphic, merely suggesting the source of the reasoning.  Justification and proof
are a hallmark of formal mathematics, often seen as the province of older
students.  However, as pointed out above, students can start learning to jus-
tify their mathematical ideas in the earliest grades in elementary school.38

Kindergarten and first-grade students can be given regular opportunities to
talk about the concepts and procedures they are using and to provide good
reasons for what they are doing.  Classroom norms can be established in which
students are expected to justify their mathematical claims and make them
clear to others.  Students need to be able to justify and explain ideas in order
to make their reasoning clear, hone their reasoning skills, and improve their
conceptual understanding.39

It is not sufficient to justify a procedure just once.  As we discuss below,
the development of proficiency occurs over an extended period of time.  Stu-
dents need to use new concepts and procedures for some time and to explain
and justify them by relating them to concepts and procedures that they already
understand.  For example, it is not sufficient for students to do only practice
problems on adding fractions after the procedure has been developed.  If
students are to understand the algorithm, they also need experience in explain-
ing and justifying it themselves with many different problems.

Adaptive reasoning interacts with the other strands of proficiency, par-
ticularly during problem solving.  Learners draw on their strategic compe-
tence to formulate and represent a problem, using heuristic approaches that
may provide a solution strategy, but adaptive reasoning must take over when
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they are determining the legitimacy of a proposed strategy.  Conceptual under-
standing provides metaphors and representations that can serve as a source of
adaptive reasoning, which, taking into account the limitations of the repre-
sentations, learners use to determine whether a solution is justifiable and
then to justify it.  Often a solution strategy will require fluent use of proce-
dures for calculation, measurement, or display, but adaptive reasoning should
be used to determine whether the procedure is appropriate.  And while carry-
ing out a solution plan, learners use their strategic competence to monitor
their progress toward a solution and to generate alternative plans if the cur-
rent plan seems ineffective.  This approach both depends upon productive
disposition and supports it.

Productive Disposition

Productive disposition refers to the tendency to see sense in mathematics,
to perceive it as both useful and worthwhile, to believe that steady effort in
learning mathematics pays off, and to see oneself as an effective learner and
doer of mathematics.40   If students are to develop conceptual understanding,
procedural fluency, strategic competence, and adaptive reasoning abilities,
they must believe that mathematics is understandable, not arbitrary; that,
with diligent effort, it can be learned and used; and that they are capable of
figuring it out.  Developing a productive disposition requires frequent oppor-
tunities to make sense of mathematics, to recognize the benefits of persever-
ance, and to experience the rewards of sense making in mathematics.

A productive disposition develops when the other strands do and helps
each of them develop.  For example, as students build strategic competence
in solving nonroutine problems, their attitudes and beliefs about themselves
as mathematics learners become more positive.  The more mathematical con-
cepts they understand, the more sensible mathematics becomes.  In contrast,
when students are seldom given challenging mathematical problems to solve,
they come to expect that memorizing rather than sense making paves the
road to learning mathematics,41  and they begin to lose confidence in them-
selves as learners.  Similarly, when students see themselves as capable of
learning mathematics and using it to solve problems, they become able to
develop further their procedural fluency or their adaptive reasoning abilities.
Students’ disposition toward mathematics is a major factor in determining
their educational success.  Students who view their mathematical ability as
fixed and test questions as measuring their ability rather than providing oppor-
tunities to learn are likely to avoid challenging problems and be easily dis-
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couraged by failure.42   Students who view ability as expandable in response
to experience and training are more likely to seek out challenging situations
and learn from them.  Cross-cultural research studies have found that U.S.
children are more likely to attribute success in school to ability rather than
effort when compared with students in East Asian countries.43

Most U.S. children enter school eager to learn and with positive attitudes
toward mathematics.  It is critical that they encounter good mathematics teach-
ing in the early grades.  Otherwise, those positive attitudes may turn sour as
they come to see themselves as poor learners and mathematics as nonsensical,
arbitrary, and impossible to learn except by rote memorization.44   Such views,
once adopted, can be extremely difficult to change.45

The teacher of mathematics plays a critical role in encouraging students
to maintain positive attitudes toward mathematics.  How a teacher views math-
ematics and its learning affects that teacher’s teaching practice,46  which ulti-
mately affects not only what the students learn but how they view them-
selves as mathematics learners.  Teachers and students inevitably negotiate
among themselves the norms of conduct in the class, and when those norms
allow students to be comfortable in doing mathematics and sharing their ideas
with others, they see themselves as capable of understanding.47   In chapter 9
we discuss some of the ways in which teachers’ expectations and the teach-
ing strategies they use can help students maintain a positive attitude toward
mathematics, and in chapter 10 we discuss some programs of teacher devel-
opment that may help teachers in that endeavor.

An earlier report from the National Research Council identified the cause
of much poor performance in school mathematics in the United States:

The unrestricted power of peer pressure often makes good perfor-
mance in mathematics socially unacceptable.  This environment of
negative expectation is strongest among minorities and women—
those most at risk—during the high school years when students first
exercise choice in curricular goals.48

Some of the most important consequences of students’ failure to develop a
productive disposition toward mathematics occur in high school, when they
have the opportunity to avoid challenging mathematics courses.  Avoiding
such courses may eliminate the need to face up to peer pressure and other
sources of discouragement, but it does so at the expense of precluding ca-
reers in science, technology, medicine, and other fields that require a high
level of mathematical proficiency.
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Research with older students and adults suggests that a phenomenon
termed stereotype threat might account for much of the observed differences in
mathematics performance between ethnic groups and between male and
female students.49   In this phenomenon, good students who care about their
performance in mathematics and who belong to groups stereotyped as being
poor at mathematics perform poorly on difficult mathematics problems under
conditions in which they feel pressure to conform to the stereotype.  So-called
wise educational environments50  can reduce the harmful effects of stereo-
type threat.  These environments emphasize optimistic teacher-student rela-
tionships, give challenging work to all students, and stress the expandability
of ability, among other factors.

Students who have developed a productive disposition are confident in
their knowledge and ability.  They see that mathematics is both reasonable
and intelligible and believe that, with appropriate effort and experience, they
can learn.  It is counterproductive for students to believe that there is some
mysterious “math gene” that determines their success in mathematics.

Hence, our view of mathematical proficiency goes beyond being able to
understand, compute, solve, and reason.  It includes a disposition toward math-
ematics that is personal.  Mathematically proficient people believe that math-
ematics should make sense, that they can figure it out, that they can solve
mathematical problems by working hard on them, and that becoming math-
ematically proficient is worth the effort.

Properties of Mathematical Proficiency

Now that we have looked at each strand separately, let us consider math-
ematical proficiency as a whole.  As we indicated earlier and as the preceding
discussion illustrates, the five strands are interconnected and must work to-
gether if students are to learn successfully.  Learning is not an all-or-none
phenomenon, and as it proceeds, each strand of mathematical proficiency
should be developed in synchrony with the others.  That development takes
time.  One of the most challenging tasks faced by teachers in pre-kindergar-
ten to grade 8 is to see that children are making progress along every strand
and not just one or two.

The Strands of Proficiency Are Interwoven

How the strands of mathematical proficiency interweave and support one
another can be seen in the case of conceptual understanding and procedural
fluency.  Current research indicates that these two strands of proficiency con-
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tinually interact.51   As a child gains conceptual understanding, computational
procedures are remembered better and used more flexibly to solve new prob-
lems.  In turn, as a procedure becomes more automatic, the child is enabled
to think about other aspects of a problem and to tackle new kinds of prob-
lems, which leads to new understanding.  When using a procedure, a child
may reflect on why the procedure works, which may in turn strengthen exist-
ing conceptual understanding.52   Indeed, it is not always necessary, useful, or
even possible to distinguish concepts from procedures because understand-
ing and doing are interconnected in such complex ways.

Consider, for instance, the multiplication of multidigit whole numbers.
Many algorithms for computing 47 × 268 use one basic meaning of multipli-
cation as 47 groups of 268, together with place-value knowledge of 47 as 40 + 7,
to break the problem into two simpler ones: 40 × 268 and 7 × 268.  For example,
a common algorithm for computing 47 × 268 is written the following way,
with the two so-called partial products, 10720 and 1876, coming from the two
simpler problems:

268
×  47
1876

1072
12596

Familiarity with this algorithm may make it hard for adults to see how much
knowledge is needed for it.  It requires knowing that 40 × 268 is 4 × 10 × 268;
knowing that in the product of 268 and 10, each digit of 268 is one place to
the left; having enough fluency with basic multiplication combinations to
find 7 × 8, 7 × 60, 7 × 200, and 4 × 8, 4 × 60, 4 × 200; and having enough
fluency with multidigit addition to add the partial products.  As students learn
to execute a multidigit multiplication procedure such as this one, they should
develop a deeper understanding of multiplication and its properties.  On the
other hand, as they deepen their conceptual understanding, they should
become more fluent in computation.  A beginner who happens to forget the
algorithm but who understands the role of the distributive law can recon-
struct the process by writing 268 × 47 = 268 × (40 + 7) = (268 × 40) + (268 × 7)
and working from there.  A beginner who has simply memorized the algo-
rithm without understanding much about how it works can be lost later when
memory fails.
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Proficiency Is Not All or Nothing

Mathematical proficiency cannot be characterized as simply present or
absent.  Every important mathematical idea can be understood at many levels
and in many ways.  For example, even seemingly simple concepts such as
even and odd require an integration of several ways of thinking: choosing
alternate points on the number line, grouping items by twos, grouping items
into two groups, and looking at only the last digit of the number.  When chil-
dren are first learning about even and odd, they may know one or two of
these interpretations.53   But at an older age, a deep understanding of even
and odd means all four interpretations are connected and can be justified one
based on the others.

The research cited in chapter 5 shows that schoolchildren are never com-
plete mathematical novices.  They bring important mathematical concepts
and skills with them to school as well as misconceptions that must be taken
into account in planning instruction.  Obviously, a first grader’s understand-
ing of addition is not the same as that of a mathematician or even a lay adult.
It is still reasonable, however, to talk about a first grader as being proficient
with single-digit addition, as long as the student’s thinking in that realm in-
corporates all five strands of proficiency.  Students should not be thought of
as having proficiency when one or more strands are undeveloped.

Proficiency Develops Over Time

Proficiency in mathematics is acquired over time.  Each year they are in
school, students ought to become increasingly proficient.  For example, third
graders should be more proficient with the addition of whole numbers than
they were in the first grade.

Acquiring proficiency takes time in another sense.  Students need enough
time to engage in activities around a specific mathematical topic if they are to
become proficient with it.  When they are provided with only one or two
examples to illustrate why a procedure works or what a concept means and
then move on to practice in carrying out the procedure or identifying the
concept, they may easily fail to learn.  To become proficient, they need to
spend sustained periods of time doing mathematics—solving problems,
reasoning, developing understanding, practicing skills—and building connec-
tions between their previous knowledge and new knowledge.
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How Mathematically Proficient Are U.S.
Students Today?

One question that warrants an immediate answer is whether students in
U.S. elementary and middle schools today are becoming mathematically pro-
ficient.  The answer is important because it influences what might be recom-
mended for the future.  If students are failing to develop proficiency, the
question of how to improve school mathematics takes on a different cast than
if students are already developing high levels of proficiency.

The best source of information about student performance in the United
States is, as we noted in chapter 2, the National Assessment of Educational
Progress (NAEP), a regular assessment of students’ knowledge and skills in
the school subjects.  NAEP includes a large and representative sample of
U.S. students at about ages 9, 13, and 17, so the results provide a good picture
of students’ mathematical performance.  We sketched some of that perfor-
mance in chapter 2, but now we look at it through the frame of mathematical
proficiency.

Although the items in the NAEP assessments were not constructed to
measure directly the five strands of mathematical proficiency, they provide
some useful information about these strands.  As in chapter 2, the data re-
ported here are from the 1996 main NAEP assessment except when we refer
explicitly to the long-term trend assessment.  In general, the performance of
13-year-olds over the past 25 years tells the following story: Given traditional
curricula and methods of instruction, students develop proficiency among
the five strands in a very uneven way.  They are most proficient in aspects of
procedural fluency and less proficient in conceptual understanding, strategic
competence, adaptive reasoning, and productive disposition.  Many students
show few connections among these strands.  Examples from each strand il-
lustrate the current situation.54

Conceptual Understanding

Students’ conceptual understanding of number can be assessed in part
by asking them about properties of the number systems.  Although about
90% of U.S. 13-year-olds could add and subtract multidigit numbers, only
60% of them could construct a number given its digits and their place values
(e.g., in the number 57, the digit 5 should represent five tens).55   That is a
common finding: More students can calculate successfully with numbers than
can work with the properties of the same numbers.
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The same is true for rational numbers.  Only 35% of 13-year-olds cor-
rectly ordered three fractions, all in reduced form,56  and only 35%, asked for
a number between .03 and .04, chose the correct response.57   These findings
suggest that students may be calculating with numbers that they do not re-
ally understand.

Procedural Fluency

An overall picture of procedural fluency is provided by the NAEP long-
term trend mathematics assessment,58  which indicates that U.S. students’
performance has remained quite steady over the past 25 years (see Box 4-4).
A closer look reveals that the picture of procedural fluency is one of high
levels of proficiency in the easiest contexts.  Questions in which students are
asked to add or subtract two- and three-digit whole numbers presented nu-
merically in the standard format are answered correctly by about 90% of 13-
year-olds, with almost as good performance among 9-year-olds.59   Performance
is slightly lower among 13-year-olds for division.60

Box 4-4

NAEP Scale Scores, Long-Term Trend Assessment,
1973-1999

SOURCE:  Campbell, Hombo, and Mazzeo, 2000, p. 9.  These scale scores include
all content areas: number, geometry, algebra, and so on.

200

250

300

350

Age 17 304 300 298 302 305 307 306 307 308

Age 13 266 264 269 269 270 273 274 274 276

Age 9 219 219 219 222 230 230 231 231 232

1973 1978 1982 1986 1990 1992 1994 1996 1999
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Students are less fluent in operating with rational numbers, both com-
mon and decimal fractions.  The most recent NAEP in 1996 contained few
computation items, but earlier assessments showed that about 50% of 13-
year-olds correctly completed problems like 3 1

2  – 3 1
3

, 4 × 2 1
2 , and 4.3 – 0.53.

Again, this level of performance has remained quite steady since the advent
of NAEP.  One conclusion that can be drawn is that by age 13 many students
have not fully developed procedural fluency.  Although most can compute
well with whole numbers in simple contexts, many still have difficulties com-
puting with rational numbers.

Strategic Competence

Results from NAEP dating back over 25 years have continually docu-
mented the fact that one of the greatest deficits in U.S. students’ learning of
mathematics is in their ability to solve problems.  In the 1996 NAEP, students
in the fourth, eighth, and twelfth grades did well on questions about basic
whole number operations and concepts in numerical and simple applied con-
texts.  However, students, especially those in the fourth and eighth grades,
had difficulty with more complex problem-solving situations.  For example,
asked to add or subtract two- and three-digit numbers, 73% of fourth graders
and 86% of eighth graders gave correct answers.  But on a multistep addition
and subtraction word problem involving similar numbers, only 33% of fourth
graders gave a correct answer (although 76% of eighth graders did).  On the
23 problem-solving tasks given as part of the 1996 NAEP in which students
had to construct an extended response, the incidence of satisfactory or better
responses was less than 10% on about half of the tasks.  The incidence of
satisfactory responses was greater than 25% on only two tasks.61

Performance on word problems declines dramatically when additional
features are included, such as more than one step or extraneous information.
Small changes in problem wording, context, or presentation can yield dramatic
changes in students’ success,62  perhaps indicating how fragile students’ prob-
lem-solving abilities typically are.

Adaptive Reasoning

Several kinds of items measure students’ proficiency in adaptive reason-
ing, though often in conjunction with other strands.  One kind of item asks
students to reason about numbers and their properties and also assesses their
conceptual understanding.  For example,
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If 49 + 83 = 132 is true, which of the following is true?

49 = 83 + 132
49 + 132 = 83
132 – 49 = 83
83 – 132 = 49

Only 61% of 13-year-olds chose the right answer, which again is considerably
lower than the percentage of students who can actually compute the result.

Another example is a multiple-choice problem in which students were
asked to estimate 12

13
 + 7

8
.  The choices were 1, 2, 19, and 21.  Fifty-five

percent of the 13-year-olds chose either 19 or 21 as the correct response.63

Even modest levels of reasoning should have prevented these errors.  Simply
observing that 12

13
 and 7

8
 are numbers less than one and that the sum of two

numbers less than one is less than two would have made it apparent that 19
and 21 were unreasonable answers.  This level of performance is especially
striking because this kind of reasoning does not require procedural fluency
plus additional proficiency.  In many ways it is less demanding than the com-
putational task and requires only that basic understanding and reasoning be
connected.  It is clear that for many students that connection is not being
made.

A second kind of item that measures adaptive reasoning is one that asks
students to justify and explain their solutions.  One such item (Box 4-5) re-
quired that students use subtraction and division to justify claims about the
population growth in two towns.  Only 1% of eighth graders in 1996 provided
a satisfactory response for both claims, and only another 21% provided a par-
tially correct response.  The results were only slightly better at grade 12.  In
this item, Darlene’s claim is stated somewhat cryptically, and students may
not have understood that they needed to think about population growth not
additively—as in the case of Brian’s claim—but multiplicatively so as to con-
clude that Town A actually had the larger rate of growth.  But given the low
levels of performance on the item, we conclude that Darlene’s enigmatic claim
was not the only source of difficulty.  Students apparently have trouble justi-
fying their answers even in relatively simple cases.

Productive Disposition

Research related to productive disposition has not examined many aspects
of the strand as we have defined it.  Such research has focused on attitudes
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In 1980 the populations of Town A and Town B were 5,000 and 6,000, respectively.
The 1990 populations of Town A and Town B were 8,000 and 9,000, respectively.

Brian claims that from 1980 to 1990 the populations of the two towns grew by
the same amount.  Use mathematics to explain how Brian might have justified
his claim.

Darlene claims that from 1980 to 1990 the population of Town A grew more.  Use
mathematics to explain how Darlene might have justified her claim.

NAEP Results Grade 8 Grade 12

Correct response for both claims 1% 3%
Partial response 21% 24%
Incorrect response 60% 56%
Omitted 16% 16%

SOURCE: 1996 NAEP assessment.  Cited in Wearne and Kouba, 2000, p. 186.
Used by permission of National Council of Teachers of Mathematics.

Box 4-5

Population Growth in Two Towns

toward mathematics, beliefs about one’s own ability, and beliefs about the
nature of mathematics.  In general, U.S. boys have more positive attitudes
toward mathematics than U.S. girls do, even though differences in achieve-
ment between boys and girls are, in general, not as pronounced today as they
were some decades ago.64   Girls’ attitudes toward mathematics also decline
more sharply through the grades than those of boys.65   Differences in math-
ematics achievement remain larger across groups that differ in such factors as
race, ethnicity, and social class, but differences in attitudes toward mathematics
across these groups are not clearly associated with achievement differences.66

The complex relationship between attitudes and achievement is well il-
lustrated in recent international studies.  Although within most countries,
positive attitudes toward mathematics are associated with high achievement,
eighth graders in some East Asian countries, whose average achievement in
mathematics is among the highest in the world, have tended to have, on
average, among the most negative attitudes toward mathematics.  U.S. eighth
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graders, whose achievement is around the international average, have tended
to be about average in their attitudes.67   Similarly, within a country, students
who perceive themselves as good at mathematics tend to have high levels of
achievement, but that relationship does not hold across countries.  In Asian
countries, perhaps because of cultural traditions encouraging humility or
because of the challenging curriculum they face, eighth graders tend to per-
ceive themselves as not very good at mathematics.  In the United States, in
contrast, eighth graders tend to believe that mathematics is not especially
difficult for them and that they are good at it.68

Data from the NAEP student questionnaire show that many U.S. stu-
dents develop a variety of counterproductive beliefs about mathematics and
about themselves as learners of mathematics.  For example, 54% of the fourth
graders and 40% of the eighth graders in the 1996 NAEP assessment thought
that mathematics is mostly a set of rules and that learning mathematics means
memorizing the rules.  On the other hand, approximately 75% of the fourth
graders and 75% of the eighth graders sampled reported that they understand
most of what goes on in mathematics class.  The data do not indicate, how-
ever, whether the students thought they could make sense out of the math-
ematics themselves or depended on others for explanations.

Despite the finding that many students associate mathematics with memo-
rization, students at all grade levels appear to view mathematics as useful.
The 1996 NAEP revealed that 69% of the fourth graders and 70% of the
eighth graders agreed that mathematics is useful for solving everyday prob-
lems.  Although students appear to think mathematics is useful for everyday
problems or important to society in general, it is not clear that they think it is
important for them as individuals to know a lot of mathematics.69

Proficiency in Other Domains of Mathematics

Although our discussion of mathematical proficiency in this report is
focused on the domain of number, the five strands apply equally well to other
domains of mathematics such as geometry, measurement, probability, and
statistics.  Regardless of the domain of mathematics, conceptual understand-
ing refers to an integrated and functional grasp of the mathematical ideas.
These may be ideas about shape and space, measure, pattern, function,
uncertainty, or change.  When applied to other domains of mathematics, pro-
cedural fluency refers to skill in performing flexibly, accurately, and efficiently
such procedures as constructing shapes, measuring space, computing prob-
abilities, and describing data.  It also refers to knowing when and how to use

The five
strands
apply
equally well
to other
domains of
mathematics
such as
geometry,
measurement,
probability,
and
statistics.
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those procedures.  Strategic competence refers to the ability to formulate
mathematical problems, represent them, and solve them whether the prob-
lems arise in the context of number, algebra, geometry, measurement, prob-
ability, or statistics.  Similarly, the capacity to think logically about the rela-
tionships among concepts and situations and to reason adaptively applies to
every domain of mathematics, not just number, as does the notion of a pro-
ductive disposition.  The tendency to see sense in mathematics, to perceive
it as both useful and worthwhile, to believe that steady effort in learning
mathematics pays off, and to see oneself as an effective learner and doer of
mathematics applies equally to all domains of mathematics.  We believe that
proficiency in any domain of mathematics means the development of the
five strands, that the strands of proficiency are interwoven, and that they
develop over time.  Further, the strands are interwoven across domains of
mathematics in such a way that conceptual understanding in one domain, say
geometry, supports conceptual understanding in another, say number.

All Students Should Be
Mathematically Proficient

Becoming mathematically proficient is necessary and appropriate for all
students.  People sometimes assume that only the brightest students who are
the most attuned to school can achieve mathematical proficiency.  Those stu-
dents are the ones who have traditionally tended to achieve no matter what
kind of instruction they have encountered.  But perhaps surprisingly, it is
students who have historically been less successful in school who have the
most potential to benefit from instruction designed to achieve proficiency.70

All will benefit from a program in which mathematical proficiency is the goal.
Historically, the prevailing ethos in mathematics and mathematics edu-

cation in the United States has been that mathematics is a discipline for a
select group of learners.  The continuing failure of some groups to master
mathematics—including disproportionate numbers of minorities and poor
students—has served to confirm that assumption.  More recently, mathematics
educators have highlighted the universal aspects of mathematics and have
insisted on mathematics for all students, but with little attention to the dif-
ferential access that some students have to high-quality mathematics teach-
ing.71

One concern has been that too few girls, relative to boys, are developing
mathematical proficiency and continuing their study of mathematics.  That
situation appears to be improving, although perhaps not uniformly across
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grades.  The 1990 and 1992 NAEP assessments indicated that the few gen-
der differences in mathematics performance that did appear favored male
students at grade 12 but not before.  These differences were only partly
explained by the historical tendency of male students to take more high school
mathematics courses than female students do, since that gap had largely closed
by 1992.  In the 1996 NAEP mathematics assessment, the average scores for
male and female students were not significantly different at either grade 8 or
grade 12, but the average score for fourth-grade boys was 2% higher than the
score for fourth-grade girls.72

With regard to differences among racial and ethnic groups, the situation
is rather different.  The racial/ethnic diversity of the United States is much
greater now than at any previous period in history and promises to become
progressively more so for some time to come.  The strong connection be-
tween economic advantage, school funding, and achievement in the United
States has meant that groups of students whose mathematics achievement is
low have tended to be disproportionately African American, Hispanic, Native
American, students acquiring English, or students located in urban or rural
school districts.73   In the NAEP assessments from 1990 to 1996, white students
recorded increases in their average mathematics scores at all grades.  Over
the same period, African American and Hispanic students recorded increases
at grades 4 and 12, but not at grade 8.74   Scores for African American, His-
panic, and American Indian students remained below scale scores for white
students.  The mathematics achievement gaps between average scores for
these subgroups did not decrease in 1996.75   The gap appears to be widening
for African American students, particularly among students of the best-
educated parents, which suggests that the problem is not one solely of poverty
and disadvantage.76

Students identified as being of middle and high socioeconomic status
(SES) enter school with higher achievement levels in mathematics than low-
SES students, and students reporting higher levels of parental education tend
to have higher average scores on NAEP assessments.  At all three grades, in
contrast, students eligible for free or reduced-price lunch programs score lower
than those not eligible.77   Such SES-based differences in mathematics achieve-
ment are greater among whites than among other racial or ethnic groups.78

Some studies have suggested that the basis for the differences resides in the
opportunities available to students, including opportunities to attend effec-
tive schools,79  opportunities afforded by social and economic factors of the
home and school community,80  and opportunities to get encouragement to
continue the study of mathematics.81
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Goals for mathematics instruction like those outlined in our discussion of
mathematical proficiency need to be set in full recognition of the differential
access students have to high-quality mathematics teaching and the differen-
tial performance they show.  Those goals should never be set low, however, in
the mistaken belief that some students do not need or cannot achieve profi-
ciency.  In this day of rapidly changing technologies, no one can anticipate all
the skills that students will need over their lifetimes or the problems they
will encounter.  Proficiency in mathematics is therefore an important founda-
tion for further instruction in mathematics as well as for further education in
fields that require mathematical competence.  Schools need to prepare stu-
dents to acquire new skills and knowledge and to adapt their knowledge to
solve new problems.

The currency of value in the job market today is more than computa-
tional competence.  It is the ability to apply knowledge to solve problems.82

For students to be able to compete in today’s and tomorrow’s economy, they
need to be able to adapt the knowledge they are acquiring.  They need to be
able to learn new concepts and skills.  They need to be able to apply math-
ematical reasoning to problems.  They need to view mathematics as a useful
tool that must constantly be sharpened.  In short, they need to be mathemati-
cally proficient.

Students who have learned only procedural skills and have little under-
standing of mathematics will have limited access to advanced schooling, better
jobs, and other opportunities.  If any group of students is deprived of the
opportunity to learn with understanding, they are condemned to second-class
status in society, or worse.

A Broader, Deeper View

Many people in the United States consider procedural fluency to be the
heart of the elementary school mathematics curriculum.  They remember
school mathematics as being devoted primarily to learning and practicing com-
putational procedures.  In this report, we present a much broader view of
elementary and middle school mathematics.  We also raise the standard for
success in learning mathematics and being able to use it.  In a significant and
fortuitous twist, raising the standard by requiring development across all five
strands of mathematical proficiency makes the development of any one strand
more feasible.  Because the strands interact and boost each other, students
who have opportunities to develop all strands of proficiency are more likely
to become truly competent with each.
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We conclude that during the past 25 years mathematics instruction in
U.S. schools has not sufficiently developed mathematical proficiency in the
sense we have defined it.  It has developed some procedural fluency, but it
clearly has not helped students develop the other strands very far, nor has it
helped them connect the strands.  Consequently, all strands have suffered.
In the next four chapters, we look again at students’ learning.  We consider
not just performance levels but also the nature of the learning process itself.
We describe what students are capable of, what the big obstacles are for them,
and what knowledge and intuition they have that might be helpful in design-
ing effective learning experiences.  This information, we believe, reveals how
to improve current efforts to help students become mathematically proficient.
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